Perelomov problem and inversion of the 
Segal-Bargmann transform 

Neretin Yuri A. 1 

We reconstruct a function by values of its Segal-Bargmann transform at points of 
a lattice. 

1. Formulation of the result. Fix r > 0. For a function / € L 2 (R), we 
define the coefficients 

/■oo 

lm,k= / e- ikx - rmx f(x)e-* 2 / A dx 



where m, k range in Z. We intend to reconstruct / by "f m ,k- As Perelomov 
showed, this is impossible for r > 7r; for r $J n, the problem is overdetermincd 
(see [7]- [HI, E], more recent results in jS], [3])- There are many ways for recon- 
struction of /. We propose a formula (for r < n ) that seems relatively simple 
and relatively closed. 

Denote q :— e~ 2lrr . Define the coefficicients 

(_\ \m _m(m — 1)/2 

Mr) = ( n i q a q n 3 E(-D^ J(J+2 " 1+1)/2 (i) 

Then 

= ^ ex2/4 E{ £ ™( r ) emra; E^^ e ^} 

The interior sum is an L 2 -sum of a Fourier series, the exterior sum is a.s. 
convergent series. 

Remark. 1. Our problem also is known in the theory of recognition and sep- 
aration of waves (i.e., sound or electromagnetic oscillations). A.J.E.M.Janssen 
0] proposed several non-equivalent formulae for reconstruction of of the func- 
tion /; the formula Q easily follows from his considerations. Hence, this note 
clarifies Janssen's results and present them in a final nice form. 

2. Two-step way of reconstruction of / was proposed by Yu.Lyubarskii, 
he uses the Lagrange formula to interpolate the Segal-Bargman transform of 
a function by its values at points of the lattice. Then we apply the inversion 
formula for the Segal-Bargmann transform. I do not know, is it possible to 
produce a nice one-step formula from this algorithm. Our calculation is based 
on the same idea but it gives another final result. 

2. Preliminaries on ^-functions. Let < q < 1. Denote 

oo oo 

0(z; g) := (1 - z) J[ (1 - g n )(l - zq n ){\ - srV) = 5^(-l) T V , ? n(n ~ 1)/a 

n—1 —oo 

(this is the Jacobi triple identity, see, for instance, pQ). Obviously, 

e(gz;g) = -z^Qfrq) 
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Iterating this identity, we obtain 

e(< Z "z;g) = (-z)-" (Z -"("- 1 )/ 2 e(z;g) (2) 

The function 

r]{z) = exp{--— ln 2 |z| + -ln< 7 ln|z|} (3) 
2 m q 2 

satisfies the requrence equation rj(qz) — \z\~ 1 rj(z). Hence |0(z;g)| can be rep- 
resented in the form 

|0(z;q)| = T](z)ip(z); where ip(<l z ) = VK 2 ) (4) 

Obviously 

e ' (1;<z) = i e{x;q) l=i = U {1 9,1)3 

Differentiating J5J) and subsituting z = 1, we obtain 

©'(<?"; q) = (-l)" +1 g"™ (ri " 1)/2 e'(l; q) (5) 

3. Interpolation problem. Denote g(x) — -^f(x)e~ x / 4 . Applying the 
Poisson summation formula to the function g(x)e~ Tmx , we obtain 

OO OO 

e mTX ^ kelkX = E ^ x + ^j)e~ 2wTmj 

k— — oo j — — oo 

Denote the right-hand side of this identity by A m Consider the function 

G x (z) := 9(x + 2tt j)z j 

defined in the domain C \ 0, 

G x {q m ) = A m 

We obtain an interpolation problem for holomorphic functions, and solve it in 
a standard way (see 

Denote 

?W _f , e(z;g) _ (_ 1) » + l g n(n-l)/2 Q{z . q) 

^x{z)- 2^ An ( z - q n)o>( q n. q ) 2^ A ™ n(i-9 J ) 3 (*-?") 

71— — OO v J v 7 71 — — OO A A v ' v 7 

(6) 

Obviously 

G x (q n )=G x (q n ) (7) 

Hence, 

G s (2) = G ar (2) + e(z; g )a(«) (8) 
for certain function a{z) holomorphic in C \ 0. 
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Lemma. G x (z) = G x (z), i.e., a(z) = 0. 

Our final formula is a corollary of this lemma. Indeed, g(x) is the Laurent 
coefficient of G x (z) in z°; it remains to evaluate the Laurent expansion of 

oc 

(z q'T'Q^q) = (Z~ q n T l £ {-lW^ 3 

1 — — QO 

Assuming \z\ > q n , we obtain 

oo 

(z- 1 + z- 2 q n + z- 3 q 2n + •••)• E (-1)W ( '" 1)/2 

I — — oo 

and we obtain as a coefficient in the front of z°. 

4. Proof of Lemma. We represent the identity © in the form 

G x (z)/e(z; q) = G x (z)/Q{z; q) + a(z) (9) 
For a function 3>(V) we denote 

M fc [<i>l := max \$(z)\ 

| z | =g fe+l/2 

We intend to analize the behavior of these maxima for summands of JSJ as 
k — > ±oo. 

A) First, 

oo> /" |/(a;)| 2 dx- f] |/(x + 2^)| 2 )dx 

R j=— oo 

Hence (by the Fubini theorem) the value 

oo 

V x := E |/(z + 27rj)| 2 
i=— oo 

is finite for almost all x. 

B) By the Schwartz inequality, 



^(£l/(* + 2^)| 2 ) 1/2 (£ 



1/2 z,-^ , .» , \ 1/2 

/ ^ e -(^+2^) 2 /2| z |2j A 7 



|2„-27ra;-27r' : . „-4tT 



1/2 



= K 1/2 • [e" x2 S(-|; 
Applying ©-0, we obtain for \G x (z)\ an upper estimate of the form 

|G x (z)Kexp{^ln 2 |z| + 0(ln|z|) + 0(l)} (10) 
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In particular, 



ln 2 g 



I An | = \G x (q m )\ < ex P{^T m ' + °H + 0(1)} 
By ©, 

6'(g m ; g) = exp{-m 2 lng/2 + 0(m) + O(l)} 
Since (— Ing) = 27tt < 27r 2 , we obtain the following estimate 

\A m /e'(q m ;q)\ ^ exp{-em 2 } 

C) Consider the summand G x (z)/Q(z;q) in © 

_ r, _ A 1 -| „ , p-srn? 

M k [ GM /e ( ,. q)] - < E |^-^| 

Next, 

^fc+1/2 _ 9 m| = q m^ _ 9 -m+fc+l/2| ^ _ ? l/2j 

This implies the boundedness of the sequence Mfe[-]. 
Secondly, 

|^+l/2 _ ^1^^+1(1-^/2) 

Hence, Mfc[-] tends to as k — > — oo. 

D) By (jj) 

By ©, dinj 

M fc [G x (z)/6(^; <?)] -> asfc->±oo 

E) We have 

M k [a(z)] ^M k [G x (z)/Q(z;q)] +M k [G x (z)/&(z;q)] 

Thus Mfc[a(z)] tends to as k — > — oo; and remains bounded as k — > +oo. Since 
a(z) is holomorphic in C \ 0, we have a(z) = 0. 
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